We theoretically study "cavity" phonons, i.e., acoustic phonons localized in a foreign layer ͑a cavity layer͒ embedded in a periodic one-dimensional superlattice ͑SL͒ in the isotropic, continuum approximation. To find the eigenfrequencies of the cavity modes we develop a formulation based on the transfer matrix and Green's function methods and apply it to the case where the confined phonons propagate along the layer interfaces. These cavity phonons are predicted to exist for both the coupled longitudinal and transverse acoustic mode ͑the sagittal mode͒ and the single mode with pure transverse polarization ͑the shear-horizontal mode͒. Numerical examples are presented for periodic Al/ W multilayered structures with a Ag cavity layer and GaAs/ AlAs SLs with an Al 0.8 Ga 0.2 As layer. Finite-difference time-domain calculations for phonon packet propagation are also conducted to directly illustrate the existence of the confined cavity modes and also to confirm the validity of our formulation.
I. INTRODUCTION
The effects of inhomogeneities on the propagation of phonons and acoustic waves in periodic, elastic multilayered structures or superlattices ͑SLs͒ have recently been studied extensively. In particular, the presence and characteristics of localized phonons at the surface of semi-infinite SLs have been studied theoretically with the isotropic approximation 1, 2 and also by including elastic anisotropy. 3 Experimental studies with the picosecond ultrasonic technique 4 and Raman scattering have revealed the existence of localized acoustic surface modes in both semiconducting and metallic SLs. [5] [6] [7] [8] Also the localized vibrations at the interface between a superlattice and a substrate have been investigated by DjafariRouhani and co-workers. 9, 10 All these localized modes associated with the inhomogeneities that destroy the perfect periodicity of a system appear inside the band gaps of the bulk modes. Possible applications of these surface and interface "guided modes" to signal-processing devices have been discussed by Murdoch. 11 Another interesting inhomogeneity is induced by introducing a single or a few layers different from the constituent layers of the host SL. It has been well established that even a small amount of defects in a crystal lattice can radically alter the frequencies of the normal modes of vibration as well as the associated pattern of atomic displacement. 12, 13 Similar effects are also expected to occur when a layer with different thickness or of different material, i.e., a foreign layer ͑a cavity layer͒, is introduced in an otherwise perfect SL. More specifically, vibrations localized at this embedded cell appear, in general, with eigenfrequencies inside the frequency gaps of bulk phonons existing at the center, boundaries, and even inside the folded Brillouin zone of the host superlattice. 14 We call such localized vibrations "cavity" modes of phonons.
Recently, with Raman scattering experiments, Trigo et al. demonstrated the existence of a confined acoustical vibration in a GaAs/ AlAs SL with an AlGaAs cavity layer. 15, 16 This vibration was found in a zone-center frequency gap with a complex SL wave number q z ͑we take the z axis along the growth direction of the SL͒ and for the vanishing wave vector parallel to the layer interfaces k ʈ = ͑k x , k y ͒ = 0. The associated lattice displacement is, however, expected to be considerably extended on either side of the cavity layer due to small acoustic mismatch between the cavity and host layers. The theoretical studies on the cavity phonons in SLs developed so far are mostly restricted to this case with k ʈ = 0. 22, 23 For these nonpropagating local modes, three kinds of acoustic vibrations are treated to be decoupled from each other ͑valid in the isotropic approximation, for example͒ and accordingly the mathematical analysis is rather straightforward.
A more general and physically appealing case is that the confined modes propagate along the layer interfaces, i.e., k ʈ 0, with their vibrational amplitudes localized in the cavity cell and its neighborhood. We still call these propagating confined modes the cavity phonons. These phonons are analogous to the waveguide modes in two-dimensional phononic crystals with a line defect. 17, 18 Hence, the existence of propagating cavity phonons should prove that SLs with a foreign layer can work as efficient planar waveguides for phonons and ultrasound, and may have potential applications to acoustic devices such as frequency and wave-vector selective filters, and the acoustic analog of channel drop filters. 19, 20 Also the phonon-phonon and electron-phonon interactions in the cavity layer should be highly enhanced due to the strong confinement effects and the associated large displacement amplitudes. Thus, the cavity phonons with k ʈ 0 are expected to play important roles in the transport of thermal energy in SLs and multilayered structures. 21 The purpose of the present paper is to formulate the propagating cavity phonons in SLs. In the isotropic approximation we assume, we can set k ʈ = ͑k ʈ ,0͒. In this case two vibrational modes ͑longitudinal and transverse modes͒ polarized inside the x-z plane ͑the sagittal plane͒ are coupled to each other and possibly induce the cavity-phonon modes which we call sagittal ͑SG͒ cavity modes, while the transverse vibrations polarized in the y direction parallel to the layer interfaces are decoupled from the former mode and induce the cavity modes referred to as the shear-horizontal ͑SH͒ cavity modes. For the SG cavity mode in SLs we will give explicit formulas which determine their eigenfrequencies, or cavity branches, and the spatial profiles of the associated lattice displacements. For the simpler SH cavity mode the corresponding formulas are given by slightly modifying the results of Ref. 3 for the nonpropagating ͑k ʈ = 0͒ mode. So, only relevant notes for k ʈ 0 are presented in the Appendix.
In the next section, we develop a mathematical formulation for coupled longitudinal ͑L͒ and transverse ͑T͒ phonons in periodic multilayered structures based on the transfermatrix and Green's function methods. In Sec. III we apply these methods to finding cavity phonon modes in SLs when a foreign layer is introduced. Numerical examples are presented in Sec. IV for an Al/ W multilayered structure with a Ag cavity layer and for an AlAs/ GaAs SL with an AlGaAs cavity layer. Conclusions are given in Sec. V. In the Appendix we give some notes for the SH cavity-phonon mode.
II. FORMULATION

A. Periodic multilayered structures and transfer matrix
We consider a periodic SL consisting of alternating A and B layers that are stacked in the z direction with a flat interfaces parallel to the x-y plane. where x = ͑x ʈ , z͒ = ͑x , y , z͒, j is the index which discriminates six waves ͑three pairs of counterpropagating waves͒ in a layer, a is the amplitude, e is the unit polarization vector, is the stress vector whose components are defined by ͓ I ͑j͒ ͔ i = c I,i3mn k n e m / k ʈ with c I,ilmn the stiffness tensor ͑the summation convention over repeated indices is assumed͒, 
͑2͒
for given k ʈ ͑a real vector͒ and , where is the mass density. However, if A and B are isotropic materials the Christoffel equations Eq. ͑2͒ are factorized into two sets; one for the pure T mode polarized in the y direction ͑the SH mode͒, and the other for the coupled L and T modes polarized inside the x-z plane with x direction parallel to the wave vector k ʈ ͑the SG mode͒. In the present study we assume this case and the formulation is developed predominantly for the latter SG mode. The results for the former SH mode are briefly noted in the Appendix. For the SG mode consisting of coupled L and T vibrations the sum over j in Eq. ͑1͒ extends up to four ͑two pairs of counterpropagating waves in a layer͒ instead of six and we can explicitly write the four-component vector W A,n ͑z͒ in the A layer as 25, 26 
where
In these equations A ͑L͒ and A ͑T͒ are the propagation angles in the A layer measured from the normal of the interfaces. We have also written ͑k A,z 
For a perfect periodic system T n is independent of n, or T n = T , and we find
There exist similar equations with A replaced by B and the explicit expression for T is given by T = T B T A with
B. Green's tensor in periodic superlattices
We try to find the lattice displacement U I,n at the layer interfaces by introducing the Green's tensor in periodic superlattices. To save the indices we define W A,n+1 ͑nD͒ϵw n and hence
with U n ϵ U A,n+1 ͑nD͒, etc., and
͑12͒
In Eq. ͑12͒ T n ͑i͒ ͑i =1-4͒ are 2 ϫ 2 matrices.
Eliminating S n from Eq. ͑10͒, we obtain an equation that relates the lattice displacements at the interfaces of adjacent unit cells,
In the perfect, periodic SL consisting of alternating A and B layers, matrices K , Ĵ, M , and N are independent of n and hence on deleting this index Eq. ͑13͒ is formally written as
Now we introduce the Green's function Ĝ nm defined by
where Î is a unit matrix. In order to solve this equation, we expand Ĝ nm in a Fourier series,
where x n = nD and the wave number q is restricted to − / D ഛ q ഛ / D, i.e., the mini-Brillouin zone. Noting that
with N 0 the number of periods, we obtain
Thus, by converting the sum over q into the integral over the mini-Brillouin zone according to
the Green's function ͓Eq. ͑22͔͒ is expressed as
From this equation we see that Ĝ nm = Ĝ n−m . The integral over q can be done analytically. To see this we first write Eq. ͑26͒ as
In deriving the expressions of Eqs. ͑30͒ and ͑31͒, we have used the following equations deduced with the symmetry properties of the transfer matrix T :
ͪ.
͑34͒
Here, it should be noted that ⌬͑e i ͒ = 0 gives the dispersion relations of the coupled L and T phonons in the perfect, periodic superlattice. Hence, ⌬͑e i ͒ is factorized as
where ␣ ϵ det K and z 1 and z 2 ͑also 1 / z 1 and 1 / z 2 ͒ are eigenvalues of the transfer matrix T . In a frequency band of the coupled L and T phonons, at least either ͉z 1 ͉ =1 or ͉z 2 ͉ =1 is satisfied, but inside the mutual frequency gaps of these phonons two of the eigenvalues ͑we choose z 1 and z 2 ͒ have modulus smaller than unity, or ͉z 1 ͉ Ͻ 1 and ͉z 2 ͉ Ͻ 1. We are interested in the latter case because the eigenfrequencies of the cavity modes are found inside those mutual frequency gaps of the host superlattice. Thus, the Green's function is calculated to be
͑36͒
where I n ͑1͒ , I n ͑2͒ , and I n ͑3͒ are given by
Accordingly, the Green's function Ĝ n decreases exponentially as ͉n͉ increases.
III. CAVITY PHONONS
We consider the structure with a cavity layer ͑C͒ of thickness d C situated at the center ͑n =0͒ of the periodic multilayers. In this case the relevant transfer matrices are
and the equations governing the lattice displacements are
where T C is the transfer matrix associated with the cavity layer ͓Eq. ͑9͒ with I = C͔ and
Next we introduce the matrix ␦L nm defined by
͑49͒
With this matrix, the equations of motion become
and the nonvanishing component ␦lˆof ␦L nm consists of a 4 ϫ 4 matrix given by
͑53͒
Also the elements of the Green's tensors are
and
͑56͒
The other entries in Eq. ͑52͒ are irrelevant to the further calculations and hence their expressions are not given here. Finally, introducing the displacement vectors defined by
the equations determining the SG cavity modes are summarized as
͑60͒
The eigenfrequencies C of those cavity modes are obtained as the solutions of the secular equation det͉Î + Ĝ C ␦lˆ͉ = 0.
͑61͒
As we shall see in the next section, the eigenfrequencies C for a given k ʈ are found inside the complete gaps of the host superlattice, where ͉z 1 ͑k ʈ , C ͉͒ Ͻ 1 and ͉z 2 ͑k ʈ , C ͉͒ Ͻ 1 are satisfied simultaneously. In addition, from Eq. ͑60͒, the associated lattice displacements at = C are seen to decrease exponentially on either side of the cavity layer. These are analogous to the effects of a defect introduced to perfect, periodic lattices.
12,13
IV. NUMERICAL EXAMPLES
A. Al/ W superlattices with an Ag cavity layer
The first example we study is a metallic Al/ W multilayered structure ͑A = Al, B =W͒ which exhibits large frequency gaps due to large acoustic mismatch between the constituents aluminum and tungsten as tabulated in Table I . This structure with a foreign layer inserted is expected to show strong cavity effects for phonons. As a possible cavity layer we choose silver ͑C =Ag͒ with the magnitudes of acoustic impedances Z l and Z t in between those of aluminum and tungsten ͑see also the Table I͒ . Figure 1͑a͒ illustrates the band structure of the periodic Al/ W superlattice with
together with the cavity branches originating from an embedded Ag layer with d C = d Ag = D /4 ͑the thickness is a half of the host layers͒. The cavity branches of the coupled L and T modes ͑the SG modes͒ and also of the pure T modes ͑the SH modes͒ are shown by the bold and thin lines, respectively. As expected, the frequencies of the cavity modes are found inside the band gaps of the corresponding bulk modes. Here we note that in the band regions of the coupled L and T phonons ͑L-T band͒ in the original superlattice shown in Fig.  1͑a͒ ͑also for a GaAs/ AlAs SL shown below͒, at least one of two vibrational eigenfrequencies is real valued. Figure 1͑b͒ displays the profiles normal to the layer interfaces of the displacement components u x and u z of the SG Fig.  1͑a͒ ͑at k ʈ D = 3 and D / v t,Al = 4.22͒. We recognize that the lattice displacements are well localized near the Ag cell but their profiles are not symmetric because the present multilayered system has an asymmetry under the inversion of z. Indeed, for both u x and u z the largest amplitudes are found inside the Al layer adjacent to the Ag layer, which is the lightest element of the structure. Thus, we see as if the pair of the layers composed of silver and its neighboring aluminum act as a cavity cell. This suggest that more readily understandable results should be obtained when the assumed structure is symmetric with respect to the silver layer. Such a symmetric structure can be realized, for example, if a pair of layers composed of silver and aluminum with the thickness of the latter same as the host layer d Al are inserted. In this case the Ag layer is sandwiched in between Al layers and the relevant transfer matrix for the cavity cell is T C = T Ag T A=Al with T Ag the transfer matrix for the Ag layer. Figure 2͑a͒ illustrates the cavity branches originated from the Ag layers with d C = d Ag = d Al /2=D /4 ͑the same thickness for the Ag layer as Fig. 1͒ . Here we still use d C for the thickness of Ag layer. An interesting result is the fact that there exists a cavity branch with vanishing group velocity for a finite k ʈ . Figures 2͑b͒ and 2͑c͒ show how these cavity branches change as the thickness d Ag of the Ag layer is varied. As d Ag is increased, the number of the cavity branches is increased. This is because the frequencies associated with the confined vibrational motions in the normal direction become lowered as the cavity layer thickness becomes larger and, at the same time, the intervals of those "quantized" frequencies are decreased. In order to see these results explicitly, we have marked in Figs. 2͑a͒- Each band is discriminated according to the darkness, i.e., the lightest band is the pure T ͑SH͒ band, the second lightest band is the coupled L-T ͑SG͒ band, and the darkest band is the overlapping of both bands. The SG and SH cavity pho- the edges of the corresponding cavity branches. Figure 3 displays the spatial profiles of the displacement components of the SG cavity modes at the points A to C with frequency D / v t,Al = 3.4 ͑D / v t,Al = 3.45 for the point A͒ indicated in Fig. 2͑a͒ . ͓The relative magnitudes of the displacements in this figure are determined so that ͉C n=0 ͉ = 1 with C n = ͑a C,n ͑1͒ , a C,n ͑2͒ , a C,n ͑3͒ , a C,n ͑4͒ ͒ t ; cf., Eqs. ͑3͒ and ͑6͒.͔ The displacement profiles exhibit the expected symmetries with respect to the center of the Ag layer. Also we find that there exists a phase difference of / 2 between the displacement components u x and u z parallel to and normal to the interfaces, respectively. ͑We have assigned the phase so that u z may be real and u x pure imaginary.͒ Hence, the particle motions associated with the cavity modes are elliptic as the surface localized acoustic waves ͑Rayleigh waves͒ in a homogeneous half space. 27 We see that at the points A and C, u x along the interface is odd with respect to the center of the Ag layer but u z normal to the interfaces is even. Interestingly, these properties for u x and u z are interchanged at the point B. Thus, the motions of the Ag layer at the points A and C are flexural and it is dilatational at the point B. The lattice displacements at these points are well localized ͑within two unit periods or so͒ on either side of the Ag layer.
The displacement profiles at the point D shown in Fig. 4 exhibit another interesting behavior. Comparing with the lattice displacements at the points A to C, they are quite extended due to the fact that this cavity mode frequency is situated close to a bulk band. Here we note that the latter bulk band is located below the T phonon branches of the constituents materials ͑aluminum and tungsten͒ plotted by the dotted lines in Fig. 2͑a͒ . Accordingly, this extra frequency band found in the Al/ W superlattice originates from the phonons localized at the interfaces, that is, both k A=Al,z ͑j͒ and k B=W,z ͑j͒ ͑j =1,4͒, are all complex numbers. Owing to the finite thicknesses of the constituent layers, these localized lattice displacements are extended over neighboring periods and form a frequency band. The existence of this band has already been recognized and it is called the Stoneley band. 2, 28 Note that the phonons or acoustic waves localized on either side of the layer interfaces are reduced to the Stoneley interface waves when the layer thicknesses become infinite. 29 The spatial amplitude profiles shown in Fig. 4 exhibits the behaviors characteristic of the Stoneley wave at a single interface of aluminum and tungsten as illustrated in the inset. This Stoneley wave or Stoneley band is allowed to exist in restricted regions in the space spanned by the ratios of elastic constants C 44 A / C 44 B and mass densities A / B of the constituent materials. [30] [31] [32] No such localized interface mode is found at the interface between bulk GaAs and AlAs.
In order to see the propagation of these cavity modes, we have also made finite-difference time-domain ͑FDTD͒ simulations for the time evolution of phonon packets consisting of a narrow range of frequencies. [33] [34] [35] In the FDTD scheme the equations of motion for the lattice displacement 
͑62͒
are solved numerically under suitable boundary conditions at the layer interfaces, where ͑z͒ ͓c ilmn ͑z͔͒ takes either A ͑c A,ilmn ͒ or B ͑c B,ilmn ͒ depending on the position z. The external force f applied at x = 0 has been chosen as
where zЈ = z − d C /2, ⌰͑z͒ is a unit step function, i.e., ⌰͑z͒ =1 if z ജ 0 and ⌰͑z͒ =0 if z Ͻ 0, and a Gaussian profile in the frequency space with its peak at = 0 and a full width at half maximum ⌬ has been assumed for g͑t͒. Explicitly,
with g 0 a constant. Figures 5 and 6 exhibit the simulated results for the transverse ͑u z ͒ and the longitudinal ͑u x ͒ components of phonon packets. In the simulations we have chosen 0 D / v t,Al = 3.4 and ⌬D / v t,Al = 0.4 ͓Fig. 2͑a͔͒ and the external force has been given in a line of length 0.6d Ag normal to the layer interfaces at x = 0 inside the Ag layer. The direction of the force exerted is 45°rotated away from both the x and z axes in the x-z plane. The assumed unit time step for the simulation is ⌬t = D / ͑200v t,Al ͒ and the maximum of the initial packet is realized at x = z =0 at t = t 0 = 2500⌬t = 12.5D / v t,Al after starting the simulation at t = 0. Hence, t = t 0 effectively acts as the origin of the time domain.
Shortly after the excitation the waves in frequency bands propagate in various directions with their characteristic group velocities larger than those of cavity phonons ͓cf. Fig.  2͑a͔͒ . As time elapses we can recognize that the waves confined in the vicinity of the Ag layer propagate ±x directions along the layer interfaces with different speeds. Although the majority of these cavity modes are well localized within about ±2D from the Ag layer, some components of the waves ͑possibly those on the branches close to the frequency band of the host SL͒ spread outside this range.
With the spatial amplitude profiles ͑or with the magnitude of wavelengths͒ and group velocities, it is possible to locate the signals corresponding to the points A to D on the SG cavity mode branches. Their center of mass positions are labeled AЈ to DЈ in Figs. 5͑c͒ and also in Fig. 6͑b͒ for ͉u z ͉ and ͉u x ͉, respectively. We can really see some prominent features at the points AЈ to DЈ indicated. In Figs. 3͑a͒-3͑c͒ we have shown by open circles and dots the profiles of u z and −iu x obtained by the FDTD simulations along the dashed lines AЈ to CЈ in Figs. 5͑c͒ and 6͑b͒. Except for small structures, the coincidence with the profiles based on the analytical formulas is excellent at the points A and C including the relative magnitude of u z / ͑−iu x ͒. ͑Here the maximum values of the displacements are scaled to the ones obtained by the analytical formulas.͒ However, this is not the case for the smaller component u z at the point B ͓Fig. 3͑b͔͒ and the point D ͑Fig. 4͒, that is, the FDTD simulations do not well reproduce the displacement profiles calculated by the analytical formulas. This is possibly due to the fact that the points BЈ and DЈ are close to each other because the group velocities given by the slopes of the branches in Fig. 2͑a͒ at the points B and D have similar magnitudes. So the displacement components at BЈ and DЈ are overlapped to some extent and not completely separated from each other. Also the point D is almost attached to the bulk band ͑Stoneley band͒ and hence the associated lattice displacement is extended considerably on either side of the Ag layer as shown in Figs. 4-6 . Thus, the small signal components associated with the point D is not well resolved.
In order to enhance in the simulations the displacement component u x at the point D, which is antisymmetric with respect to zЈ =0͑z = d Ag /2͒, we have chosen the external force in the following form:
The simulated result at t =70D / v t,Al is shown in Fig. 6͑c͒ . The displacement profile u x along the line indicated DЈ is shown in Fig. 4 . A good coincidence is seen between the FDTD and analytical results.
B. AlAs/ GaAs superlattices with an AlGaAs cavity layer
The second example of a superlattice we study is a more popular periodic AlAs/ GaAs SL which exhibits rather small frequency gaps for vibrational modes due to moderate acoustic impedance matching ͑Table I͒ between the constituent semiconductors. Figure 7 depicts the band structures of both the SG and SH modes in the AlAs/ GaAs SL with d AlAs = d GaAs together with the cavity branches. As a cavity layer we have chosen Al 0.8 Ga 0.2 As with the thickness d AlGaAs onehalf of d GaAs . The structure assumed is again symmetric with respect to the cavity later ͑the layers adjacent to AlGaAs are GaAs͒. As expected, the band gaps are much smaller than in the case of Al/ W superlattice and the dispersion curves of the cavity modes do not show any characteristic behaviors for the ranges of the frequency and wave number illustrated. 7. Comparing with the case of the cavity modes in the Al/ W superlattice with an Ag layer, the localization of the wave amplitude near the cavity layer is considerably weak, though it depends on the frequency. We note that the symmetries of −iu x and u z with respect to the cavity layer is interchanged between the points B and C located inside the same frequency gap.
V. CONCLUSIONS
We have theoretically studied the phonons confined in a cavity layer embedded in an otherwise perfect, periodic SL. We have given the analytical formulas for determining the eigenfrequencies and displacement vectors of the cavity phonons both for the coupled L-T ͑SG͒ and the pure transverse ͑SH͒ phonons. According to these formulas, we can find cavity phonon branches inside the frequency gaps of the host superlattice as expected from the general theorem for the vibrations of crystal lattices with a defect. The displacement profiles calculated from our formulas coincide well with those obtained numerically by solving the equations of motion with the FDTD method. Phonons on the cavity branches are confined in the vicinity of the cavity layer but propagate along this layer with the group velocities determined by the slopes of their dispersion curves. This has also been confirmed by the FDTD simulations for the time evolutions of wave packet excited in the assumed system.
It is generally expected that the interactions of these cavity phonons are highly enhanced compared with those of the bulk phonons in the host SLs due to their large amplitudes inside the cavity. Actually, the experiments done by Trigo et al. show that the Raman signal due to cavity phonons is much larger than the ones due to the extended phonons ͑the so-called "phonon doublet"͒ just above and below the zonecenter gap where the cavity frequency exists. 15, 16 Thus, it should be interesting to study if the electron-phonon interaction and anharmonic phonon-phonon interaction, for instance, of cavity phonons are really enhanced in comparison with the ones for bulk phonons. This is an important subject to be studied separately because these effects in semiconducting and metallic multilayered structures can be observed experimentally with picosecond ultrasonics techniques 4 and Raman scattering. 36 
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APPENDIX: SH CAVITY MODE
In this appendix, we give some notes on the corresponding formulas for the SH cavity phonons ͑with pure transverse polarization͒ which are decoupled from the SG cavity phonons in the isotropic approximation. 
